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ON THE EXISTENCE OF MDS SELF-DUAL CODES
OVER FINITE CHAIN RINGS

SuNcHYU HAN*

ABSTRACT. We studied the MDS self-dual codes over finite chain
rings. We stated the projection and lifting of codes over the finite
chain rings with respect to the MDS self-dual codes, and then we
applied the results to the MDS self-dual codes over Galois rings.

1. Introduction

Coding theory started with binary codes, meaning, codes over Fs.
Then, it was developed for codes over finite fields F,~ and various rings.
Among the various rings, there have been many studies on codes over
Zym. The Galois rings GR(p™,r) contain F,r and Z,~. In this study,
we were interested in the linear codes over Galois rings, more generally,
the linear codes over the finite chain rings that contain Galois rings.

In coding theory, the minimum distance is very important because it
indicates the ability of the codes for error correction. Therefore, max-
imum distance separable (MDS) codes have attracted much attention.
Moreover, self-dual codes have also been investigated, because they are
closely related to other mathematical structures such as block designs,
lattices, modular forms, and sphere packings [13]. Codes that contain
both structures, termed MDS self-dual codes, have been investigated
for finite fields [6], finite rings Zpm [10], and nontrivial Galois rings
GR(p™,r). For the p = 2 case in GR(p"™,r), the codes were investi-
gated in [2], and using an extended Reed-Solomon codes, MDS self-dual
codes of length n = 2" were constructed. For p = 1 (mod 4) with any
ror p=—1 (mod 4) with even r in GR(p™,r), the codes were studied
in [9], and using the building-up construction, various MDS self-dual
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codes over GR(p™,2) were constructed. For p = —1 (mod 4) with odd
r in GR(p™,r), the codes were studied in [8], and using the building-up
construction, various MDS self-dual codes over GR(p™,3) were con-
structed.

In [4], Dougherty et al. studied the projection and lifting of codes
over finite chain rings. They also studied the minimum distance, MDS
codes, and self-dual codes related to the projection and lifting of codes
over finite chain rings. In this study, we continued their research to
investigate MDS self-dual codes over Galois rings. The results of this
study were as follows. First, we stated the projection and lifting of codes
over finite chain rings with respect to the MDS self-dual codes. Second,
we applied the first result to study the MDS self-dual codes over Galois
rings.

This paper is organized as follows. In Section 2, we provide basic
facts for finite chain rings, Galois rings, linear codes, self-dual codes,
and MDS codes. In Section 3, we show our first main result, which is
about the relationship between the projection and lifting for MDS self-
dual codes over finite chain rings. In Section 4, we show our second main
result, which is about MDS self-dual codes over Galois rings using the
results from section 3. All computations in this paper were performed
using the computer algebra system Magma [1].

2. Preliminaries

In this section, we provided basic facts for finite chain rings, Galois
rings, linear codes, self-dual codes, and MDS codes.

2.1. Finite chain rings

In this subsection, we gave various facts about finite chain rings [4].
Let R be a finite chain ring, m be the unique maximal ideal of R, and ~
be the generator of the unique maximal ideal m. Then m = (y) = R,
where Ry = (v) = {fv | B € R}. We have:

(2.1) R=(")>H)2--2()Dd- 2 ={0}

Let e be the minimal number such that (y¢) = {0}. The number e is
called the nilpotency index of .

Let F = R/m = R/(v) be the residue field with characteristic p, where
p is a prime number. We know that |F| = ¢ = p" for some integers ¢
and r. The following lemma is known [12]:
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LEMMA 2.1. Let R be a finite chain ring with maximal ideal m = (),
where ~y is a generator of m with nilpotency index e. For any 0 #r € R
there is a unique integer i, 0 < i < e such that r = p~', with p a unit.
The unit p is unique modulo ¥*~¢. Let V C R be a set of representatives
for the equivalence classes of R under congruence modulo . Then

1. for all v € R there exist unique rq,...,Te_1 € V such that r =

Z,e (}TzV )

2. |V[=[F[; ‘

3. ()| =|F|*7 for0<j<e—1.

By Lemma 2.1, the cardinality of R is
(2.2) R = [F| - [(7)| = |F| - [F]*~" = |F|° = p
We also know that for any element a of R, it can be written uniquely as
(2.3) a=ao+ay+ay -+ a1
where a; € F. For an arbitrary positive integer ¢, we define R; as
(2.4) R ={ag+ a1y +asy* + - +a;i_1y" ' | a; € F}

where v*~1 £ 0, but Vi =0in Ri, and define two operations over R; as

i—1
(2.5) Zam +wa = Z (a1 + b)Y
i—1 i—1
(2.6) Zam Zby = Z Z aby)y*
=0

s=0 [+l'=s

It can be seen that all R; are finite rings. We define Ry, as the ring of
formal power series as follows:

(2.7) Roo = F[[]] = {Z ay' | a; € F}.

For two positive integers ¢ < j, we deﬁne a map as follows:

(2.8) v/ R, — R,

Jj—1 i—1
(2.9) dayt = D ar
=0 =0

If we replace R; with R, then we denote U by W;. Let a and b be
two arbitrary elements in R;. Hence, we obtain

(2.10) Ul (a+b) = W (a) + W/ (b), Wl (ab) = ¥ (a)¥!(b).
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If a,b € Ry, we have

We note that the two maps ¥; and \Ilf can be extended naturally from
R%, to R} and R to R}, respectively.

2.2. Galois rings

In this subsection, we provide various facts about Galois rings [14].
Let p and m be a fixed prime and positive integer, respectively. First,
consider the following canonical projection:

(2.12) 2 Lgm — L

which is defined by

(2.13) u(c) =c¢ (mod p).

The Map p can be extended naturally to the following map:
(2.14) W Tymlal = Z,le]

which is defined by
(2.15)  u(bo + brx + - - + bpz™) = u(by) + p(br)x + - - - + p(by)z™.

This extended p is a ring homomorphism with kernel (p).
Let f(z) be a polynomial in Zym[z]. Then, f(z) is called basic irre-
ducible if p(f(z)) is irreducible. The Galois ring is constructed as

(216) GR(pm7 ’I”) = me [x]/(f(x)),

where f(x) is a monic basic irreducible polynomial in Z,m[z] of degree
r. The elements of GR(p™,r) are the residue classes of the form

(2.17) bo + b1z 4+ b1zt + (f(x),

where b; € Zym (0 <1i <r—1).

A polynomial h(z) in Zym[z] is called a basic primitive polynomial if
w(h(zx)) is a primitive polynomial. It is known fact that there is a monic
basic primitive polynomial h(z) of degree r over Zym and h(x)|(x? 1 —1)
in Z,m[z]. Let h(z) be a monic basic primitive polynomial in Zym [x] of
degree r. Consider the following element:

(2.18) § =+ (h(x)) € GR(p™,7) = Zym[z]/(h(z))-

Then, the order of £ is p” — 1. Teichmiiller representatives are defined
as follows:

(219) T= {0717§’§2,”.’€pT72}.
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Then, every element a € GR(p™,r) can be uniquely represented by the
form

(2.20) a=ag+ap+ap’ + -+ amo1p™

where a; € T, (0 <i<m —1).
The Galois ring GR(p™,r) is a finite chain ring of length m, and its
ideals are linearly ordered by inclusion,

(221)  GR@™,r)= ") 2> @) D> D) D> 2™ = {0}
The p and m in this subsection correspond to « and e in subsection 2.1,
respectively.

2.3. Codes over finite chain rings

Let R be a finite chain ring. An R-submodule C < R" is called a
linear code of length n over R. Unless otherwise specified all codes are
assumed linear. The elements in C' are called codewords. The weight of
a codeword ¢ = (c1,¢2,...,¢,) in C is the number of nonzero ¢;, (1 <
j < n). The minimum weight of C' is the smallest nonzero weight of any
codeword in C.

We define the inner product, that is, for x,y € R", we define

For a code C of length n over R, let
(2.23) CL:{XERn‘X'CZO,VCGC}

be the dual code of C. If C C C*, then we say that C is self-orthogonal,
and if C' = C*, then we say that C is self-dual.
In [15], it was proven that for a linear code C' over a Frobenius ring,

(2.24) C]-|Ct] = R,

Note that finite chain rings are Frobenius [3].
It is known that a generator matrix for a code C over a finite chain
ring is permutation-equivalent to a matrix of the form

Iy, Aonr Aoz Aoz - Aget Ag.e
0 Iy, ~vA12 ~YA13 - YA VA1 e
225) G=| O 0 Ly, 97Aaz o YAz PAge
0 0 0 0 T 7@—111%71 76_114671,6

where e is the nilpotency index of . The generator matrix G is
said to be in a standard form. All generator matrices in a standard
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form for a code C over a finite chain ring have the same parame-
ters ko, ki1, k2, ..., ke—1 [12, Theorem 3.3]. The rank of C, denoted by
rank(C'), is defined as the number of nonzero rows of its generator ma-
trix G in a standard form. Therefore rank(C) = Zf;ol ki. We call kg in
G the free rank of a code C. If rank(C) = ko, then C' is called a free
code. We say that C is an [n, k, d] linear code, if the code length is n, the
rank of C'is k, and the minimum weight of C' is d. It is immediate that
a code C' with the generator matrix in Equation (2.25) has cardinality
(2.26)
€] = [F[Zi0 (b = (pryissemdhe = (preyfo(priemyf . (pryfens,

In this case, the code C is said to have the type:

(2.27) 1o ()R (%) oo (oo,
2.4. Codes over R,

In this subsection we are interested in codes over R,. See [4] for de-
tailed information. Most terminologies in the previous subsection can be
similarly defined for codes over R.. Specifically, linear codes over R,
codewords, minimum weight, inner product, dual code, self-orthogonal,
and self-dual are defined in the same way as that of the previous sub-

section.

Let C be a nonzero linear code over R, of length n, then any gener-
ator matrix of C is permutation equivalent to a matrix of the following
form:

(2.28)
YOIl Y™0Aor Y™0Ag2 YM0Ags - YO Aor—1 Ym0 Ao,y
0 YT, YT AL ™ALz - YT A YT1AL
G = 0 0 '7m2 Ikz 7m2 A2,3 Tt ,Ymg A2,7'71 ,me AQ,T'
0 0 0 0 syl AT Ay
where 0 < mg < myp < --- < m,_1 for some integer r. The column
blocks have sizes ko, k1, ..., ky—1, and the k;(0 < i < r — 1) are nonneg-

ative integers. The generator matrix G is said to be in a standard form.
The rank of C is defined as follows:

(2.29) rank(C) =k =Y ki

A code C of length n with rank k over R is called a y-adic [n, k| code.
A code C with generator matrix of the form given in Equation (2.28) is
said to be of type

(2_30) (,Ymo)ko (,.y’n’Ll)k‘l . (,ym,«_l)kr_l.
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We say that C is free if C has type 1%.

Let ¢ and j be two integers such that 1 <17 < j < co. We say that
an [n,k] code C; over R; lifts to an [n,k] code Cy over R;, denoted
by C1 = Oy, if Oy has a generator matrix Gy such that U/(Gs) is a
generator of C7. Hence, it can be proven that Cy = \I’g(Cg). If C is an
[n, k] v-adic code, then for any i < oo, we call ¥;(C) a projection of C.
We denote ¥;(C) using C°.

We know that for a y-adic [n, k] code C of type 1%, C* = ¥;(C) is an
[n, k] code of type 1¥ over R;. In the following, we consider codes over
chain rings that are projections of v-adic codes. Note that C* < C**! for
all . Thus if a code C over R of type 1* is given, then we obtain a
series of lifts of codes as follows:

(2.31) cl<C2<...<(0 <=

Conversely, let Cy be an [n, k] code over F = R/() = Ry, and let G; be
its generator matrix. It is clear that we can define a series of generator
matrices Giy1 € Mgxp(Ri+1) such that \I/§+1(GZ-+1) =G, (i > 1), where
Mpwn(R;) denotes all the matrices with k rows and n columns over R;.
This defines a series of lifts C; of Cy to R; for all ¢ > 2. Then, this series
of lifts determines a code C such that C* = C;, where the code is not
necessarily unique.

2.5. MIDS codes

It is known [11] that for a (linear or nonlinear) code C' of length n
over any finite alphabet A

Codes meeting this bound are called MDS codes. Further, if C' is a linear
code over a finite chain ring, then

(2.33) d <n —rank(C) + 1.

Codes meeting this bound are called MDR (Maximum Distance with
respect to Rank) codes [5, 12]. MDR codes do not imply MDS codes.
See the following example.

EXAMPLE 2.2. Let C' be a linear code generated by G = (2) over
Zy4. Then, n =1, rank(C) = 1, and d = 1. Therefore, C' is MDR code.
Because log|4|(|C]) = log, 2 = %, C is not MDS.

The following lemma states the necessary and sufficient condition for
MDS codes.
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LEMMA 2.3. Let C be a linear code over a finite chain ring R. Then,
C is MDS if and only if C' is MDR and free.

Proof. Suppose that C' is MDS. If C' is not free, then log|p (|C) <
rank(C'). Therefore, d < n —rank(C) + 1 < n —log|p(|C|) + 1. How-
ever, this is a contradiction. Hence, C should be free and log g (|C]) =
rank(C). Therefore, C' is MDR.

Suppose that C' is MDR and free. Let rank(C) = k and |R| = p®".
Then, |C| = (p)*. Because |R| = p", we have logip|(IC]) = k =
rank(C). Therefore, C' is MDS. O

The following theorem states that the weight distribution of MDS
codes over GR(p™,r) of code length n is uniquely determined.

THEOREM 2.4. [12, Theorem 5.10] Let C' be a MDS code over GR(p™, r)
of code length n and minimum weight d. For d < w < n, denote by A,
the number of words of weight w in C. Then,

(2.34) Ay = <Z> wzd (1:) (pmrlwti=d=i) _ 1),

1=0

For codes over R, we say that an MDR code is MDS if it is of type
1% for some k. For a code C over a finite chain ring (or Rs), we say
that C' is an MDS self-dual code if C' is MDS and self-dual.

3. MDS self-dual codes over finite chain rings

In this section, we state the projection and lifting of codes over finite
chain rings with respect to MDS self-dual codes. We start with the
following theorem:

THEOREM 3.1. [4, Theorem 2.11] Let C be a y-adic [n, k] code of type
1%, Then the following two results are true.
1. the minimum Hamming distance d(C?) of C* is d = dg(C') for
all 1 <1i < oo;
2. the minimum Hamming distance ds, = d(C) of C is at least d =
dg(Ch).

From the above theorem, we can obtain the following:

THEOREM 3.2. If C' is an MDS code over R; (1 < j < oo) then \I/f(C)
is an MDS code over R; for all 1 <i < j.
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Proof. Because C' is an MDS code over R; (1 < j < o0), C is an
[n, k,d] code of type 1¥, d = n — k+1, and with a generator matrix G =
[ | A]. Let C be a y-adic code with the same generator matrix G. Then
C is a vy-adic [n, k] code of type 1%, C' = €/, and \Ilg(C) = V,(C) = C.
Thus, according to Theorem 3.1, d(\Ilf(C)) =d(C) =n—k+1. Clearly,
\Ifg(C) is free. Therefore, \Iiz(C') is MDS. O

~ THEOREM 3.3. [4, Theorem 2.13] Let C be a linear code over R;, and
C be a lifted code of C' over Rj, where j > 1. If C'is an MDS code over
R; then C is an MDS code over R;.

THEOREM 3.4. [4, Theorem 3.4] If C is a self-dual code of length
n over Ry, then V;(C) is a self-dual code of length n over R; for all
1 <1< o0

From the above theorem, we can obtain the following:

THEOREM 3.5. If C' is a free self-dual code of length n over R; (1 <
j < o0), then \Ilf(C’) is a free self-dual code of length n over R; for all
1<i<y.

Proof. Let C' be an [n, k] self-dual code. Because C is free, C' has
a generator matrix G = [I|A]. Suppose that j = co. Then, following
Theorem 3.4, \Ili (C) is self-dual for all 1 <4 < j. Clearly, \IJZ (C) is free.
Suppose that j < co. Let v and w be codewords in C'. Then, we have

n

(3.1) [v,w] = Zvlwl =0 (mod 4?).
=1

So,

(3.2) U/([v,w]) =0 (mod 7°).

Note that

(3.3)

W[y, wl) = () = D70 )W () = [ (v), W (w)].
=1 =1
Thus, \I/g(C) is self-orthogonal. Note that \Ilf(C) is free. Using Eqn. (2.24),
we can conclude that ¥7(C) is self-dual. O

The following theorem can be found in [4]: The proof is important in
this study; hence, it was included.
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THEOREM 3.6. [4, Theorem 3.7] Let R be a finite chain ring, F =
R/(v), where |F| = q = p",2 # p a prime. Then, any self-dual code C
over IF can be lifted to a self-dual code over R.

Proof. Let G1 = (I|A1) be a generator matrix of C' over Ri(= F).
Because C is self-orthogonal, we have:

(3.4) I+ A4,AT =0 (mod 7).

We show in the following by induction that there exist matrices G; =
(I14;) such that \P2+1(Gi+1) =Gy and I + A;AT =0 (mod +*) for all 4.
Suppose we have that I + AZ-A;?F =7%S;. Let A;jy1 = A; ++'M, we want
to find a matrix M such that

(3.5) I+ Ai+1AzT+1 =0 (mod 'V)H_l-

We know that
(3.6) , ,
I+ A AL = T+ AT 44 (AMT + MAT) = +/(Si+ AiMT + MAT).

This indicates that the matrix M should satisfy
(3.7) S; + AiMT + MAT =0 (mod 7).
Let M =2715;A; (mod 7). Then
(3.8) Sy + AiMT + MAT = S;4+27Y(A;ATST + 5,4, AT)
S;+271(=8;—8)=0 (mod 7).
Therefore, 2715;A; (mod 7) is a solution for M. O
From the above theorem, we can obtain the following:

THEOREM 3.7. Let R be a finite chain ring, F = R/(7y), where |F| =
q=1p",2 # paprime. Let C be a free self-dual code over R; (1 <i < o0).
Then, C can be lifted to a self-dual code over R; (1 < j < 00).

Proof. The proof is almost the same as that of the above theorem. [J

From the above, we can obtain the following:

THEOREM 3.8. If C is an MDS self-dual code of length n over R;

(1 <j < o0), then \Iff(C) is an MDS self-dual code of length n over R;
forall 1 <14 <j.

Proof. Using Theorems 3.2 and 3.5. O
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THEOREM 3.9. Let R be a finite chain ring, F = R/(~y), where |F| =
qg=17p",2 # p a prime. Let C be an MDS self-dual code over R; (1 <
i < 00). Then, C can be lifted to an MDS self-dual code over R;
(1<j<oo)

Proof. Using Theorems 3.3 and 3.7. O

THEOREM 3.10. Let R be a finite chain ring, F = R/(v), where
|F| = ¢ = p", for a prime p and a positive integer r. Let C' be an [n, k, d|
MDS self-dual code. Then, we have the following:

1. Ifp=2orp" =1 (mod 4), then n is even.
2. If p" = —1 (mod 4), then n =0 (mod 4).

Proof. Let C; = ¥J(C). Then Cy is an [n, k,d] MDS self-dual code
over F, by Theorem 3.8. Therefore, k = n/2 and n should be even. This
proves the first statement. Let G = [I | A] be a generator matrix of Cj.
Then, AAT = —I. Therefore, A is an 5 X 5 antiorthogonal matrix.
The existence of an antiorthogonal matrix is studied in [8]. According
to Table 2 in [8], § should be even if p" = —1 (mod 4). This proves the
second statement. the result follows. O

Using Theorems 3.8 and 3.9, the existence of MDS self-dual codes
over R; is equivalent to those over Fg, if ¢ is odd. For the existence of
MDS self-dual codes over Fy, (odd ¢), we can refer to [6].

4. MDS self-dual codes over Galois rings
In this section, we study MDS self-dual codes over Galois rings GR(p™, ).

4.1. MDS self-dual codes over Galois rings with odd char-
acteristic

First, we assume that p is an odd prime. From the previous section,
we know that the existence of MDS self-dual codes over GR(p™, r) is the
same as that over F),-. Specifically, if we have an [n,n/2] MDS self-dual
code over F)r, then we can construct an [n,n/2] MDS self-dual code over
GR(p™,r) for all m > 1 using the method in the proof of Theorem 3.6.
In the following we provide examples.

EXAMPLE 4.1. Let C be a [2,1,2] MDS self-dual code over F5 with
the generator matrix G = [1 2|. To construct a [2,1,2] MDS self-dual
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code over GR(5'°, 1), we apply the method in the proof of Theorem 3.6,
and we have Ayg = |aio] with

(4.1) ag = 2121342303,
2x5% +1%5" +2%52+ 15+ 35
+ 4%55 42555 13457 055 +3%5°
Thus, G19 = [1 a1p] produces a [2, 1, 2] MDS self-dual code over GR(5'°, 1).

EXAMPLE 4.2. Let C be a [4,2,3] MDS self-dual code over F3 with
the generator matrix:

(4.2) G:(é?é})

To construct a [4,2,3] MDS self-dual code over GR(3°,1), we apply the
method in the proof of Theorem 3.6, and we have Aiq with

. 1 1 0 1 of 2 0
w9 mee (D) es(0 3 )aw(2 )
3 0 4 1 2 5 0 1
¥ 3< 2)+3<0 1>+3(1 0)
1 (1 2 g 1 2 of 0 1
0)+3(0 1)+3<0 1>+3<1 0).

4.2. MDS self-dual codes over Galois rings with even char-
acteristic

Let p = 2. Consider R = GR(2™,r). Because of MDS conjecture, we
only considered the code lengths up to 2". Suppose that m = 1. Then
R = ]FQT.

THEOREM 4.3. [7, Theorem 3| For R = GR(2,r) = Far, there exist
MDS self-dual codes C = [2k,k,k + 1] over R for all k =1,--- ,2" 1,

If MDS conjecture is true, then the case m = 1 is completed. MDS
self-dual codes over GR(2™,r),(m > 1) have been constructed using
Reed-Solomon codes [2].

THEOREM 4.4. [2] Let R = GR(2™,r),n = 2" — 1(> 2), and m >
1. Then, there exists an MDS self-dual code over R with parameters
[27,271 27=1 4 1], which is an extended RS code.

THEOREM 4.5. For Galois ring R = GR(2™, ), we have the following:

1. If m > 2, then there is no MDS self-dual code over R for code
length n =2 (mod 4).
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2. If m > 2 and r is odd, then there is no [4,2, 3] MDS self-dual code

over R.
Proof. Suppose that C' is an [n, n/2] MDS self-dual code over GR(2™, )
with a generator matrix G = [I | A]. Then, AAT = —T and Aisan % x 2

antiorthogonal matrix. Antiorthogonal matrices were studied in [8]. Ac-
cording to Table 2 in [8], n/2 should be even. Therefore, n =0 (mod 4).
This proves the first statement. In addition, if 7 is odd, n/2 cannot be
two by Table 2 in [8]. Therefore, n cannot be four. This proves the
second statement. O

THEOREM 4.6. Let R = GR(2™,r), m > 2, and even r. Then, there
is a [4,2,3] MDS self-dual code over R.

Proof. According to Table 2 in [8], —1 is a two square sum. Let
a, 3 € R such that o + %2 = —1. Let
(1 0 a B\ _
(4.4) G—<O 1 -8 a>—(12|A).

Let C' be the code generated by G. We claim that C is an MDS self-dual
code. It is clear that C is self-dual. To prove that C is MDS, we have
to show that the minimum weight of C' is three. First, we claim that «
and (8 are units. Suppose that « is not a unit. Then o = 2c; for some
a1 € R. So, 402 + B% = —1. Apply U5 So, UI*(4a? + 2) = U (—1).
Then (¥7*(8))? = —1. This is a contradiction. Therefore, a and 3 are
units. For z # 0 and y # 0, we note that ¢; = [z 0]G and ¢z = [0 y|G
have weight three. Suppose that ¢ = [z y]G has weight two. Then,
[z y]A =10 0]. So, [z y] =[00]A~ = [0 0]. Therefore, the weight of c
is zero. This is a contradiction. Therefore, C' has the minimum weight
three and C' is MDS. O

In Table 1, we show the existence of MDS self-dual codes of code
length n over GR(2™,7),(m > 2). In this table, 'X’, ’O’, and ’?’ rep-
resents the nonexistence, existence, and tentatively unknown existence,
respectively. Using Theorems 4.4, 4.5, and 4.6, the table can be verified.
From the table, we do not know the existence of MDS self-dual codes of
code length n = 8 and 10 over GR(2™,r), (m > 2).

In the following example, we apply the method in the proof of Theo-
rem 3.6 to GR(2™,r). The method is only effective for the odd character-
istic. Therefore, we apply a modified method to the even characteristic.

ExXaMPLE 4.7. Let
10 w w?
(4.5) G = ( 01 9 >

w w
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TABLE 1. Existence of MDS self-dual codes of code
length n over GR(2™,r), (m > 2)

r\n|2]4|6|8[10|12|14 |16
1 [ X

2 | X|O

3 | X|X|[X]|O

4 [ X]1O[X|?7[X|?7|X]|O

be a generator matrix for an MDS self-dual [4,2,3] code over Fy =
Zo[z)/(f()), f(z) =2?+2+1, w =2+ (f(x)). Let G = [I | A1]: Then

(4.6) Ay = ( “ w? )

w w

Consider GR(22,2) = Z4[z]/(f(x)). Note that I + A1 AT = 28S;, where

(4.7) 51:((1)(1]>'

Let Ay = A1+2M. We want to find M such that [+ A3 AL =0 (mod 4).
This is equivalent to S; + MAT + A;MT =0 (mod 2). Let

(4.8) M:(i Z)

Then, from Sy + M AT + AyMT =0 (mod 2), we have
(4.9)

0 (a+d)w?*+(b+c)w \ _ (0 1
((a+d)w2+(b+c)w 0 =\1 o) (wod2)
Leta=b=1,c=d=0. So,

11
w10 (1)
and

24w 2+ w?
(411) Ay = A1 +2M = ( w? w ) .

Thus, Gy = [I | As] generates a self-dual code C. We can verify that
the minimum weight C' is three. Therefore, C' is a [4,2,3] MDS self-dual
code over GR(22,2) = Z4[z]/(f(2)).
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We continue this process. Consider GR(23,2) = Zs[x]/(f(x)). Note
that I + AQAQT = 45,5, where

(4.12) 52:((1) 8>

Let A3 = Ay+4M. We want to find M such that I+A3A§ =0 (mod 8).
This is equivalent to So + M AT + AoMT =0 (mod 2). Let

a b
(4.13) M:<c d).
Then from Sy + M AL + AoMT =0 (mod 2), we have

(4.14)
( (a+d)w2(ik(b+c)w (a+d)w2g(b+0)w > _ < é 8 > (mod 2).

Therefore there is no solution for M. Hence, we do not succeed in this
case.

5. Conclusions

In this research, we studied the projection and lifting of codes over
finite chain rings with respect to MDS self-dual codes. In particular,
for the odd characteristic case, we can lift MDS self-dual codes over
finite fields to MDS self-dual codes over finite chain rings. For the even
characteristic case, we studied various aspects of the existence of MDS
self-dual codes over Galois rings. Many aspects remain to be studied in
the future, including the existence of MDS self-dual codes of length 8
and 12 over GR(2™,r), (m > 2).
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